We consider pencils at infinity V = F, Z d in the projective plane P 2 . There exists a minimal composition of point blowing ups X V → P 2 eliminating the indeterminacies of the rational map P 2 → P 1 induced by V . We systematically study the Mordell-Weil group of V , the cone of curves NE(X V ) Q of X V and their relationship. In Theorem 3, we explicitly compute both objects when the projective curve defined by F is a union of curves with one place at infinity.
Introduction
Let k be an algebraically closed field, d 1 an integer and
a pencil of curves in P 2 k without base curve. We are mainly interested in the case where V is a pencil "at infinity": V = F, Z d , where Z = 0 is the equation of a straight line L. Such pencils have arisen in numerous works, which often rely on algebraic and topological techniques (for instance [Ab,AC,ACD,As,K,LW] ) since the proof of the Abhyankar-Moh theorems [AM, AM2, Mo, Sa] .
We introduce natural algebro-geometric objects in the theory. On the one hand, we consider the normalization C V of the (scheme-theoretic) generic curve C V of V , and the Mordell-Weil group Pic
• (C V ) of the pencil V . On the other hand, there exists a minimal composition of point blowing ups π : X V → P 2 k eliminating the indeterminacies of the rational map P 2 k · · · → P 1 k defined by V . The induced morphism f : X V → P 1 k has generic fiber C V . We consider the cone of curves NE(X V ) Q and the characteristic (or semiample) cone P (X V ) Q of X V .
We consider primitive pencils (i.e., C V is reduced and irreducible). In Section 2, we prove some basic facts about Mordell-Weil groups, cones of curves and characteristic cones. Proposition 3 is a generalization of the Kaliman inequality in [K] which is moreover valid in characteristic p 0. The rank of the Mordell-Weil group Pic
• (C V ) of a primitive pencil V is shown to be the obstruction to equality in the Kaliman inequality. Similarly, Proposition 5 in Section 3 is the extension to characteristic p 0 of a result given in [A] for primitive pencils at infinity.
We now assume that k has characteristic zero. Difficult problems arise when one considers pencils at infinity modulo polynomial automorphisms; given two pencils at infinity V = F, Z d and V = F , Z d , say that V and V are equivalent if there exists a polynomial automorphism σ :
A typical question on the set V of equivalence classes of pencils modulo polynomial automorphisms is the moduli problem [AM2, As, O] . Constructing invariants of pencils at infinity, which depend only on their class in V, is especially important from this point of view. The Mordell-Weil group, and more generally, invariants attached to the generic curve C V are such invariants (see beginning of Section 3 for precise statements).
At this point, it is essential to point out that two equivalent pencils at infinity V and V have associated models X V and X V over P 1 k which are in general quite different. Since one usually studies pencils in P 2 k through their model X V over P 1 k , this brings about the following problem: which properties of X V depend only on the class of V in V? Our main results involve the cone of curves NE(X V ) Q and the characteristic cone P (X V ) Q of X V [Ka,Kl] . More precisely, we ask in Section 5: Question 1. Does the property "NE(X V ) Q is rational polyhedral" only depend on the class of V in V?
The minimality assumption on X V is essential in this statement. Question 1 has an affirmative answer when V is a pencil with one place at infinity, in which case NE(X V ) Q is simplicial [CPR] . A crucial ingredient in the proof of this fact is the theory of AbhyankarMoh's approximate roots.
In this article, we consider the class C of pencils at infinity V = F, Z d , where ) , is such that the curve F i = 0 has one place at infinity, and with d = . . , a s ) = 1. This class C is stable under equivalence modulo polynomial automorphism. We extend the theory of Abhyankar-Moh's approximate roots to pencils V ∈ C (Theorem 2). In (i) of Theorem 3, we prove that NE(X V ) Q is rational polyhedral for any V ∈ C, thus giving an affirmative answer to Question 1 when V ∈ C. Moreover, we prove that the nef cone of X V is then actually semiample and get an explicit computation of the cone of curves NE(X V ) Q and of the Mordell-Weil group of V in this class (Theorem 3).
A more general problem, of which Question 1 is a particular case, is:
Question 2. Is NE(X V ) Q a rational polyhedral cone if the Mordell-Weil group Pic • (C V ) is a finite group?
The minimality assumption on X V is also essential in Question 2. The converse statement is true (Proposition 4). An affirmative answer to Question 2 holds when V is an elliptic cubic pencil (not necessarily at infinity). Cubic pencils have been studied by many authors (see, for example, [Ma,MP,Sh] ). In Section 5, we get an affirmative answer to Question 2 for primitive pencils at infinity, smooth at the base points, and of arbitrary degree (Theorem 4).
Preliminaries on rational surfaces
In this section, k denotes an algebraically closed field of arbitrary characteristic. We prove some general facts on Mordell-Weil groups of pencils in P 2 k , and on cones of curves and characteristic cones of blow-ups of P 2 k . Let π : X → P 2 k be a composition of point blow-ups. Then Pic(X) Z n+1 , where n is the number of points blown up. This group contains three interesting semigroups:
• NE(X) := semigroup generated in Pic(X) by the classes of all effective curves.
• P (X) := semigroup generated in Pic(X) by the classes of all numerically effective divisors, that is, having nonnegative intersection number with all elements of NE(X).
• P (X) := semigroup generated in Pic(X) by the classes of all base point free divisors.
These semigroups are respectively called the semigroup of curves, nef semigroup and characteristic semigroup of X. Definition 1. Let M be a free Z-module of finite rank, and S ⊂ V a subset. We denote by S Q (respectively S R ) the cone in M ⊗ Q (respectively M ⊗ R) generated by S, i.e., the set of all finite linear combinations of elements of S with nonnegative rational (respectively real) coefficients.
The cone P (X) Q therefore is the dual cone of NE(X) Q via the pairing given by intersection theory on X. Note that NE(X) R need not be the dual cone of P (X) R , since NE(X) R is not in general closed in the real topology (e.g., if X is the blow up of P 2 k at s 2 points in general position, with s 4, see [N] ). The following proposition gives a coarse criterion for NE(X) Q to be polyhedral (i.e., finitely generated as a cone). Assume that n 2 and that X has the equivalent properties (i) and (ii). Then NE(X) Q is minimally generated by the classes of all integral curves on X with negative self intersection.
Proof. We first prove that (ii) implies (i). The cone S ∨ Q is polyhedral, since it is the dual cone of the polyhedral cone S Q . Let ∆ 1 , . . . , ∆ t be a finite set of generators of S ∨ Q . By assumption, we have for 1 i t,
where each E ij is an integral effective curve, and each r ij is a positive rational number. Let D be any integral effective curve on X which is distinct from the
and this cone of curves is therefore polyhedral.
We now prove that (i) implies (ii). Let S be a finite set of generators of NE(X) Q . We have S ∨ Q = P (X) Q and need to prove that P (X) Q ⊆ NE(X) Q . Let H be a fixed ample divisor on X, and let
be the nonnegative half cone for the intersection product. By Nakai and Kleiman's criteria, P (X) Q is contained in P + R [Kl, IV.2, Theorem 2] , which in turn is contained in the closure of NE(X) Q in the real topology [Ha, V.1.8] . Since the latter cone is polyhedral, its closure is equal to its convex hull NE(X) R . Hence
The last statement can be proved as follows; by what precedes, Proof. For any closed cone σ , the correspondence τ → σ ∨ ∩ τ ⊥ induces a one-to-one map between cells of σ and cells of its dual σ ∨ . Now P (X) ∨ R is the closure NE(X) R of NE(X) R in the real topology and P (X) R = P (X) R by assumption. Therefore, for any minimal [K, IV.5, Theorem 1] , this cell corresponds to a Stein factor µ : X → Y which contracts the numerical equivalence class of D. Therefore D ∈ NE(X) R . By the Hodge index theorem, NE(X) R is strongly convex and hence it is generated by its minimal generators. Thus NE(X) R = NE(X) R . The second statement follows obviously from the first one. 2
We now consider rational surfaces associated with pencils in P 2 k . Let d 1 be an integer, and
be a pencil without base curve. We denote by C V its generic curve, that is, the projective curve
where λ is an indeterminate. The pencil V induces a rational map P 2 k · · · → P 1 k . There exists compositions of point blowing ups π X : X → P 2 k eliminating its indeterminacies, so that one gets a commutative diagram
Definition 2. A pencil V is said to be primitive if the generic curve C V is absolutely irreducible. Primitive pencils are also characterized by the property that the general fiber of f X is reduced and irreducible.
Note that, if char k = 0, then for any pencil V , the general fiber of f X is reduced. From now on, all pencils considered will be primitive.
Let ξ ∈ P 1 k be the generic point. Since X is a regular scheme, and the class of regular rings is stable by taking rings of fractions, the generic fiber f
where C V is the normalization of C V . Note that if k has positive characteristic, C V need not be smooth over k(λ), since k(λ) is not a perfect field.
Let p ∈ P 1 k . One can write the cycle of f
X (p)) in the following way:
where the E i,p 's (respectively C j,p 's) are those irreducible components of f −1 X (p) which are mapped by π X to a point (respectively to a curve).
is not integral (reduced and irreducible). We denote by Σ f X the set of special values, which is a finite set (since the pencil V is assumed to be primitive).
Definition 4. An irreducible curve in X exceptional for π X is said to be horizontal for f X if it is mapped onto P 1 k by f X . These curves are in 
where ρ is the restriction map, i is induced by the inclusions f −1
X (p) → X, and µ is given by
In particular, there is an equality
Proof. That ρ is surjective is a consequence of the valuative criterion of properness applied to f X . Also, i maps onto the kernel of ρ because all scheme theoretic fibers of f X are linearly equivalent in X. Therefore the sequence (2.3) is clearly exact except possibly for the computation of the kernel of i. 
Comparison of (2.4) and (2.5) concludes the proof. 2
Remark. The inequality s − 1 p∈Σ f X (n p − 1) is due to Kaliman over C [K] . We have estimated the difference.
The exact sequence (2.3) provides more information than the computation of rk Pic
• (C V ) in terms of s and the n p 's , i.e., the torsion subgroup of Pic
• (C V ) also contains valuable information. We illustrate this point in the following example.
Then V is a primitive pencil. A possible choice for the surface X is obtained by blowing up Q = (1 : 0 : 0), P = (0 : 1 : 0), 1 point infinitely near Q and 7 more points infinitely near P . There are two horizontal exceptional components (s = 2), H P and H Q , with π X (H P ) = P and π X (H Q ) = Q. The pencil V has two special values, obtained for p 1 = (1 : 0) and p 2 = (0 : 1). The exact sequence (2.3) reads
Since C V is elliptic, this implies that f X has a unique section, whose image is H P .
The following proposition draws a connection between the cone of curves of X and the Mordell-Weil group Pic
• (C V ) of the pencil V . Proof. Let K be the image by ρ of NE(X). Then K is the semigroup generated by effective divisors on C V . Fix an ample divisor A on C V . By Riemann-Roch, the cone K Q generated by K in Pic(C V ) ⊗ Q is characterized by
The assumption implies that K Q is polyhedral. This is possible only if Pic
is a finite group, since in any case it is finitely generated by (2.3). 2
Remark. One cannot expect a converse to Proposition 4 for arbitrary X, since the property "NE(X) Q is a polyhedral cone" is not stable by blowing up X. However, one might expect a converse for the minimal such X (see Section 5 for results in this direction). This leads to the following definition.
Definition 5. The minimal smooth rational surface X with respect to birational domination eliminating the indeterminacies of V will be denoted by X V . This variety is equipped with morphisms π : X V → P 2 k and f : X V → P 1 k as before.
Pencils at infinity
In this section, we turn our attention to pencils at infinity. An extra property of these pencils is a result given in [A] which we extend to arbitrary characteristic in Proposition 5. We also give several properties and characterizations of pencils with one place at infinity (Definition 9 and following statements).
Definition 6. A pencil V is said to be a pencil at infinity if it is of the form
k (which is viewed as the line "at infinity"). Definition 7. Two pencils at infinity V and V are said to be equivalent modulo polynomial automorphism if V = V σ for some polynomial automorphism σ :
between the affine parts of C V and C V σ . Therefore, all invariants associated to the generic curve C V of V are preserved by equivalence modulo polynomial automorphism.
Given a primitive pencil at infinity V = F, Z d , consider π : X V → P 2 k , and let us denote by E 0 the strict transform of L on X V , and by E 1 , . . . , E n the irreducible components of the exceptional locus of π . Let
be the set of exceptional components of π which are horizontal for f : X V → P 1 k as in definition 4, and let ∆ 0 , . . . , ∆ n be the dual basis of E 0 , . . . , E n for the intersection pairing. 
Proof. Let ∆ ∈ Pic(X V ) be the class of any fiber of f :
and ∆ H i is the element of the dual basis corresponding to the horizontal component
Suppose that ∆ = m∆ 0 where ∆ 0 is primitive and m > 0 (respectively ∆ 0 is pprimitive, m > 0 and p m). We have
where S is a subset of {1, . . . , n}. Note that (E 0 , {E s } s∈S ) is a subset of a basis of Pic(X V ).
Since ∆ is the class of the cycle 
where N is the number of irreducible components of D red . Then, Artin states that there exist chains of subgroups
→ mB is also injective. This and the exact sequence (3.1) imply the injectivity
where h is a rational function in X V whose divisor of poles is a positive integral multiple of [f −1 (∞)] by (2.3), which is valid since it is assumed that V is primitive. This implies m = 1. 2 Remark. For k = C this result is already proved (see [A, Section 2 and Theorem in p. 103 
]).
Remark. The conclusion of Proposition 5 does not hold in general when V is not a pencil at infinity. For example, let
3 is primitive and the surface X V is obtained by blowing up Q = (1 : 0 : 0), P = (0 : 1 : 0) and 7 more points infinitely near P . The strict transform of the general curve of V has multiplicity 3 in each point, thus deg(Pic(
We are interested in considering primitive pencils at infinity V such that the cone of curves NE(X V ) Q is polyhedral (see Question 1 in the introduction). Recall that this holds if and only if there exists a finite set S of integral curves on
, then an extension of the concept of curvette appears.
Definition 8. Let π : X → P 2 k be a composition of point blowing ups such that π| X\π −1 (L) is an isomorphism onto P 2 k \ L (for instance, π could be the morphism X V → P 2 k defined by a pencil V at infinity). Let E 0 be the strict transform of L on X, E 1 , . . . , E n be the irreducible components of the exceptional locus of π , and ∆ 0 , . . . , ∆ n be the dual basis of E 0 , . . . , E n for the intersection pairing.
For 0 i n, an effective divisor C i on X is called an i-curvette if it intersects properly all E j 's and is linearly equivalent to ∆ i . An effective divisor C i on X is called a numerical i-curvette if it is linearly equivalent to a positive integral multiple of ∆ i . We say that X admits a system of curvettes (respectively a system of numerical curvettes) if there exists an i-curvette (respectively numerical i-curvette) for 0 i n.
Proposition 6. If X admits system of numerical curvettes then NE(X) Q is polyhedral.
Proof. This follows from Proposition 1, taking S = {E 0 , . . . , E n }. 2
We will consider pencils V at infinity such that X V admits a system of numerical curvettes. Our first purpose is to show that, over an algebraically closed field of characteristic 0, these pencils are defined by curves with one place at infinity (Theorem 2 in next section).
Definition 9. A curve C → P 2 k is said to have one place along a line L → P 2 k if C ∩ L is a unique point x and C is reduced and unibranch at x. Since L is viewed as the line at infinity Z = 0, we say that C has one place at infinity.
From now on, it is assumed that k is an algebraically closed field of characteristic 0. We review the pencils V = F, Z d , where
and the curve C with equation F = 0 has one place at infinity at x = L ∩ C. These pencils were studied in [CPR] .
Let π : X → P 2 k be a chain of blowing ups of points x 1 = x, x 2 , . . . , x n that resolves locally at x the singularity of the curve C. For 1 i n, let E i be the strict transform in X of the exceptional divisor of the blowing up of x i , and let E 0 be the strict transform of L on X. The dual graph Γ for the configuration of the E i 's has the form
where we have labelled {E i j } g j =0 the E i 's different to E n corresponding to the ends of Γ , i 0 = 1 < i 1 < · · · < i g and E n coincides with E * if π is the minimal desingularization. Let k, 1 k i 1 , be such that E 0 intersects transversally E k . For 0 j g, let δ i j := ν i j (Z) where ν i j is the divisorial valuation defined by E i j .
Two crucial and well known facts about plane curves with one place at infinity are:
Proposition 8 ( [AM,Mo] , [CPR, Corollary 2] Proof. Since (i) implies that V is primitive, we may restrict to primitive pencils. By Proposition 3, condition (ii) is equivalent to s = 1. Assume (iii). Since V is primitive, the fibers of f : X V → P 1 k are connected. Write
where E is exceptional for π . Since C is a numerical curvette, E is a (possibly empty) connected curve. If E is empty, we have s = 1. If E is nonempty, each exceptional component of π which is horizontal for f meets E. But π −1 (L) is a tree of P 1 k 's (no cycle) and therefore s = 1. This proves that (iii) implies s = 1. Then the result follows from Propositions 5 and 8. 2
Remark. If all curves F − λZ d = 0 are irreducible and rational, then C V is a rational curve and hence Pic
• (C V ) = 0. Thus, by Corollary 1, F = 0 has one place at infinity (see [LW] ).
The following proposition contains the results in [CPR] that we will need in this paper. Precisely, (i) is Lemma 2 in [CPR] rewritten in terms of the divisors ∆ i , and (ii) and (iii) is Theorem 2 in [CPR] .
where F is homogeneous of degree d and F = 0 has one place at infinity, and consider the chain of point blowing ups π :
Remark. Proposition 9 proves that, for any pencil defined by a curve with one place at infinity, NE(X V ) Q is a simplicial cone whose dual cone is semiample. Since the class of such pencils is clearly stable under equivalence modulo polynomial automorphism, this answers Question 1 in the introduction in the affirmative for such pencils.
The following result is a sufficient condition for recognizing curves with one place at infinity. Proof. We may assume that π is a chain of n point blowing ups and i = n. In particular, all blow ups are centered at points of the strict transform of C.
and consider the pencil at infinity V = F, Z d . Since C is integral, the fibers of f : X V → P 1 k are connected (i.e., f coincides with its Stein factorization). Since the general fiber of f is smooth [Ha, III 10.7] , it is integral, thus V is a primitive pencil. If the number s of horizontal exceptional components is 1, then the result follows from Corollary 1. So, suppose s 2.
Let π 0 : Y → P 2 k be the maximal chain of point blowing ups such that Y is dominated by X and X V . The strict transform of C in Y is a numerical curvette. If none of the points P of intersection of this curve with the exceptional locus of π 0 is a base point of V , then the strict transform C of C in X V is also a numerical curvette and the result follows from Corollary 1.
So, suppose that some P is a base point of V . This implies that Y = X. We claim that the fiber at 0 of f : X V → P 1 k is C + D where D is some divisor which has exceptional support for the morphism η : X V → X. Then, if C λ is the strict transform in X of a general curve F − λZ d = 0, we have 0 < C λ .C = C 2 by the projection formula, against the hypothesis C 2 0.
Let us prove the claim. Since f −1 (0) is connected, one can write
is mapped isomorphically to its image and η(D i ) is a finite set. It must be proved that F i is empty for 1 i t.
Assume not. Since η(F i ) ∩ C = ∅ whenever F i = 0, and C is a curvette, at most one of the F i 's is nonzero. Without loss of generality, assume F i = 0 for 2 i t. Note that η(f −1 (0)) is connected so that the strict transform E n of E n in X V is an irreducible component of F 1 .
Since
is a tree of P 1 k 's (no cycle), there exists a unique horizontal exceptional component, say H 1 , which meets F 1 ∪ D 1 . But s 2, so that we may pick Q ∈ H 2 ∩ f −1 (0). We have η(Q) ∈ C . Let E ⊂ X V be the connected component of the exceptional locus of η containing Q. Then, since C is a curvette, (π • η) −1 (L) = E ∪ E n ∪ E , where E and E are disjoint. Therefore H 2 ⊂ E and consequently f −1 (∞) ⊂ E, a contradiction, and the claim is proved. 2
Pencils at infinity admitting a system of numerical curvettes
In this section, we prove a structure theorem for pencils V such that X V has a system of numerical curvettes. The Mordell-Weil group Pic
• (C V ), the semigroup of curves NE(X V ) and the characteristic cone P (X V ) Q are explicitly computed in Theorem 3. With notations as in Definition 8, we will prove the following: (1) V is a primitive pencil at infinity over k such that 
Proof. By definition, X V admits a system of numerical curvettes if and only if
by Proposition 9(ii). It follows that (3) implies (1) for s = 1. In order to prove that (3) implies (1) for s 2, we first study the pencils V = F 
X V s be the minimal surface dominating all X V j 's, i.e., if π j is the chain of blowing ups in the set of points {x i } i∈B j , then X is obtained by blowing up {x i } i∈ j B j (note that the B j 's need not be disjoint). Let ρ : X → P 2 k be this sequence of blowing ups. We fix notations: let E 0 be the strict transform of L in X, and let E i be the strict transform in X of the exceptional curve created by blowing x i . Then { E i } i∈( j B j ) {0} is a basis of Pic(X). Let { ∆ i } i ⊂ Pic(X) be the dual basis of the basis { E i } i . Let ν i be the divisorial valuation associated with E i . We also denote by E n j the irreducible component of the exceptional locus of ρ which intersects the strict transform C j of C j and x n j := E n j ∩ C j . 
Lemma 1. The following holds:
(iv) The pencil V is primitive. The number of special values (Definition 3) of f :
Proof. For (i) note that on X V j the strict transform of C j , j = j , is either a fiber of f j , which must be distinct from the strict transform of C j because F j = F j , or else it intersects all fibers of f j , in particular the fiber at infinity. In the first case E n j = E n j but x n j = x n j and in the second case E n j = E n j so that x n j = x n j . To prove (ii), we claim that (a) ∆ 2 i 0 and ∆ 2 i = 0 implies that in the dual graph for the configuration of the E i 's, E i corresponds to an end vertex.
In fact, (a) follows from Proposition 9(i) since, for i ∈ B j , ∆ i is the total transform by the morphism X → X V j of the corresponding element of the dual basis of Pic(X V j ). And (a) implies (b) by the Hodge index theorem.
Let i ∈ j B j . We have
If s 2, we have n j = n j for some pair of indices (j, j ) by (3.2). By (a) and (b), we get that
if s = 1 and i = n 1 , and
otherwise. Thus, if (u j , t j ) is a regular system of parameters of O X,x n j such that u j = 0 is a local equation of the strict transform C j of C j and t j = 0 is a local equation of E n j , then (ii) holds. Note that (4.1) follows from (4.2) and (4.2) and the fact that 
Also note that, if
We have also represented the strict transform E n j of E n j in X V , the horizontal component H j in Γ j and the strict transform C j of C j in X V .
The support of the fiber f −1 (0) consists of the union of C j and of the exceptional components represented in Γ j by vertices in the vertical segment, for all j . All other exceptional components, distinct from the H j 's, and the strict transform E 0 of L constitute the support of the fiber f −1 (∞).
Let D j , 1 j s, be the effective curve, exceptional for X V → X such that 
and that (C λ .H j ) = ε j for all λ ∈ k, λ = 0. This proves that e j = ε j , hence concludes (iii), and it also implies that the fiber f −1 (λ) contains no exceptional curve for π : X V → P 2 k for all λ = 0.
There remains to prove that C λ is irreducible for all λ = 0. Since f has connected fibers. This implies that the general fiber of f is irreducible, therefore V is a primitive pencil. Let n λ be the number of irreducible components of C λ . By Proposition 3, we have
Therefore n λ = 1 for all λ = 0 as required. 2
Proof of Theorem 2 continued. Let us now prove that (3) also implies (1) for s 2. Consider the morphisms µ :
Let {E} i be the basis of Pic(X V ) defined by the strict transform E 0 of L and the irreducible components of the exceptional locus of π , and let {∆ i } i be its dual basis. Given E i , we consider two cases: (a) Suppose that E i is not exceptional for µ. Let j , 1 j s, be such that E i is the strict transform of a curve in the exceptional locus of π j . Then ∆ i is the total transform by the morphism X V → X V j of the corresponding element in the dual basis of the basis of Pic(X V ) defined by the strict transform of L and the exceptional locus of π j . We therefore reduce to the case s = 1 and, by Proposition 9, we get
Suppose that E i is exceptional for µ. We have µ(E i ) = x n j for some j , 1 j s. 
where B is an effective divisor with support in the union of those E i 's which map to x n r by µ. We have proved that
and hence (1) holds.
There remains to prove that (2) implies (3). Let V = F, Z d satisfy (2). By Propositions 6 and 4, Pic
• (C V ) is a finite group. First suppose that all curves in V are irreducible, that is, n p = 1 for all p ∈ P 1 k with notations as in Proposition 3. Then the number s of horizontal exceptional components is 1 by Proposition 3. The conclusion then follows from (ii) ⇒ (i) of Corollary 1.
Suppose now that n p 2 for some p ∈ P 1 k . In fact, p ∈ A 1 k and after changing F by F − pZ d , we may suppose p = 0, so that n 0 is the number of irreducible components of the curve F = 0. Let C j be one of them and C j its strict transform in X V . Since V is primitive, f −1 (0) is connected. Write f −1 (0) = a j C j + D, where a j ∈ N \ {0}, D and C j meet properly and D = 0 since n 0 2. We have
where
Intersecting both members with C j , it follows that 1 − c 0 by (4.6). Intersecting with an ample divisor A, since A.B > 0 for all effective nonzero curve B, we conclude that c = 1 and i c i B i = 0, i.e., ∆ i ∼ b i C j for all i with c i > 0. Therefore, there is only one i with c i > 0 in (4.7). Thus Theorem 1 applies to C j and we conclude that
a i d i and the curve F i = 0 has one place at infinity. By hypothesis, C V is absolutely irreducible. This implies that (3.1) and (3.2) hold. 2 Theorem 3. Let V be a primitive pencil having one of the equivalent properties listed in Theorem 2. Then,
be the set of all exceptional components which are horizontal for f . Then, Proof. (i) follows from (4.3) and (4.5). For (iii), according to Lemma 1(iv), the special values of f : X V → P 1 k are the infinity, whose fiber is supported in the union of the E i 's distinct from H 1 , . . . , H s , and 0 if s 2, whose fiber is supported in the union of the C j 's and of those
Now, by (4.4), for 1 r s,
where B r is a divisor with support in the union of those E i 's which map to x n r by µ. Thus, for j = r, ∆ H r .C j = a r e r ρ r,j .
Since f −1 (t) ∼ e 1 ∆ H 1 + · · · + e s ∆ H s for any t ∈ P 1 k , (4.1) implies that
This proves (iii).
To prove (ii), since obviously
by duality. Thus, given ∆ ∈ P (X V ), the base locus F ∆ of |∆| is contained in n i=0 E i . We claim that for each i, 0 i n, there exists a positive multiple m∆ i of ∆ i and a global section s i of O X V (m∆ i ) whose divisor of zeroes (s i ) does not contain E 0 . This follows from (4.4) (respectively from Proposition 9(iii)) if E i is (respectively is not) exceptional for µ : X V → X. After possibly replacing ∆ with a positive multiple, we hence may assume that
Let E ∆ be the one-dimensional part of F ∆ . By definition, |∆ − E ∆ | has no base curve. Take
First suppose that S.D α = 0 for some α. Since S, D α ∈ P (X V ), we have S ∼ r α D α for some r α ∈ Q >0 by the Hodge index theorem. By (4.8), we get
Therefore D.D α = 0, and hence S.D = 0 and we get S ∼ rD for some r ∈ Q >0 . Also S − D is effective by (4.8), thus r 1. We have
so that E ∆ = 0. Therefore, ∆ has no base curve and satisfies ∆ 2 = 0, so that ∆ ∈ P (X V ).
Suppose now that S.
a rational curve and L l is numerically effective on E ∆ [Li, Proposition 11.1(ii) ]. From the long exact sequence associated with (4.9) we get for all l 0,
and a surjective map
The sheaf L l ⊗ O E ∆ is generated by global sections [Li, Proposition 11 .1], which lift to global sections of L l ⊗ O S for l 0 by (4.11). We obtain that L l ⊗ O S is generated by global sections in a neighbourhood of the base locus E ∆ of |∆| for l 0. Now, from the exact sequences
for l 0, and (4.10), it follows that L l is generated by global sections in a neighbourhood of E ∆ for l 0. After possibly replacing ∆ with a positive multiple, we hence may assume that E ∆ = 0, so that |∆| consists of isolated points. The conclusion now follows from the classical [Z, Theorem 6 .1]. 2
Remark. Let C be the class of primitive pencils at infinity .2) hold. Theorem 3 proves that, for any pencil V in C, NE(X V ) Q is a rational polyhedral cone whose dual cone is semiample. Since the class C is stable under equivalence modulo polynomial automorphism, this gives an affirmative answer to Question 1 in the introduction for pencils in C.
In order to understand when the semigroups P (X V ) and P (X V ) are equal we have the following necessary condition:
Proposition 10. Let V be a pencil having one of the equivalent properties listed in Theorem 2. Suppose that P (X V ) = P (X V ). Then, with notations as in Theorem 3, we have p a (C j 
If moreover e j = 1 for some j , 1 j s, then
Proof. For 1 j s and i ∈ B j , let ∆ (j ) i be the (i + 1)th element of the dual basis of Pic(X V j ) determined by the exceptional locus of π j , so that ∆ i is the total transform of
by [Z, Theorem 6 .1]. Therefore P (X V j ) = P (X V j ) by Proposition 9(ii). Applying [CPR, Corollary 7] , we conclude that p a (C j ) = 0. Now, suppose e j = 1 for some j . If ∆ is the class of any fiber of f then ∆ + H j ∈ P (X V ) = P (X V ) and the image of ∆ + H j by ρ : Pic(X V ) → Pic(C V ) is the class of a rational point P j ∈ C V . Thus the linear system |P j | on C V is base point free and this determines an isomorphism
Corollary 2. Let V be a primitive pencil. Then,
(1) The following properties are equivalent: Z d where the curve F = 0 has one place at infinity. Now (1) and Proposition 10 give the only if part in (2). For the if part, see [CPR, Corollary 7] . 2
Smooth pencils
We still assume in this section that k has characteristic zero. We are interested in the following questions: Question 1. Let V and V be two pencils at infinity which are equivalent modulo polynomial automorphism (Definition 7). Is NE(X V ) Q a rational polyhedral cone if and only if NE(X V ) Q is a rational polyhedral cone? Question 1 is a particular case of the following more general problem, which is a partial converse of Proposition 4: Question 2. Let V be a primitive pencil (not necessarily at infinity), whose Mordell-Weil group Pic
• (C V ) is a finite group. Is NE(X V ) Q a rational polyhedral cone?
An affirmative answer to Question 2 is known for elliptic cubic pencils. In this case, NE(X V ) Q is generated by the classes of all irreducible components of the fibres of f (a finite number of them) and the classes of the images of the sections of f (a finite number of them since Pic
• (C V ) is a finite group). The following theorem gives an affirmative answer to Question 2 for pencils at infinity which are smooth at the base points, and of arbitrarily high degree. exists s 1, positive integers d 1 , . . . , d s , and F 1 , . . . , F s ,
such that the curve F i = 0 has one place at infinity such that
Let V := F, Z d and q 1 , q 2 , . . . , q s be the points at infinity of C V , which are rational over k. Let C λ → P 2 k be the curve with equation
. . , q s } and, since C V is assumed to be smooth, C λ is smooth at the points q 1 , . . . , q s . Hence s is the number of horizontal exceptional components in X V .
First suppose that all curves {C λ } λ∈k are irreducible. By Corollary 1, V has the required form in (ii) with s = 1.
Let now λ 1 , . . . , λ r ∈ k (r 1) be those values of λ such that C λ is not irreducible. Since C V is assumed to be smooth, all curves C λ are reduced. Write
the decomposition of C λ i into irreducible components. Let F j,i = 0 be a homogeneous equation of C j,i with d j,i := deg F j,i , and P j,i ⊂ Q := {q 1 , . . . , q s } be the set of points at infinity of C j,i . Since C V is assumed to be smooth, there is a partitioning
for each i, 1 i r. And since Pic • (C V ) is assumed to be a finite group, Proposition 3 implies that
Note that if r = 1, V has the required form in (ii) of Theorem 4 by (5.2). So, suppose that r 2.
We define a measure of the set Q as follows: Let
We simplify notations by writing elements of Q "k" instead of "q k ", and we define
Definition 10. Let Π := j Q j and Π := j Q j be two partitions of the set Q. Then Π and Π are said to be independent if for all pairs j, j , we have
We now introduce the set R Q of functions Q → R. There is a natural scalar product on R Q induced by µ:
Let e 1 , . . . , e s be the canonical basis of R Q . For any subset S ⊆ Q, define χ S := k∈S e k and χ
Independence of partitions translates into orthogonality in R Q as we show in the following lemma which plays an essential role in the proof of Theorem 4.
Lemma 2.
(i) Let Π := m j =1 Q j be a partition of Q, and let 
Therefore the partitions Π i , 1 i r, are pairwise independent w.r.t. the measure µ defined by the p k 's in (5.3). Hence Lemma 2 and (5.2) imply that
(5.5)
Choose coordinates (X : Y : Z) on P 2 k so that q k has coordinates (1 : a k : 0). There are expressions
and 
defined by taking products of polynomials componentwise, where
be obtained by taking products componentwise and truncating modulo Z l+1 .
Let us define A similar argument as in the case d k = 1, relying on Lemma 2, shows that the solutions of the set of equations (5.12) i , 1 i r, form a vector space of dimension τ (l) which is the expected dimension, that is,
By (5.2) and (5.10), we have τ (l) = ω (l) , so that W (l) = T (l) as asserted. 2 2
Remarks.
(1) We know no pencil V for which Question 2 has a negative answer. (2) Statement (i) ⇒ (ii) in Theorem 4 is not valid any more if it is not assumed that C V is smooth: For example, V = X(XY + Z 2 ), Z 3 is a primitive pencil such that Pic
is finite (since C V is rational), but is not as in (ii) of Theorem 4. Note that C V is singular at (0 : 1 : 0). Another such example is given in Section 2. (3) Similarly, statement (i) ⇒ (ii) in Theorem 4 fails in general in positive characteristic, even if it is assumed that C V is regular: Let char k = 2. Let a 1 , a 2 , a 3 , a 4 be pairwise distinct elements of k and denote by σ 1 , σ 2 , σ 3 , σ 4 the values of the elementary symmetric functions in a 1 , a 2 , a 3 , We have s = 4, so that Pic • (C V ) is finite by Proposition 3. But V is not as in (ii) of Theorem 4.
(4) It could be expected that, given a finite measured set (Q, µ), and pairwise independent partitions Π 1 , . . . , Π r as in Lemma 2 such that m i 2 for each i, then equality holds in (5.4) only if r = 1 and Π 1 = s k=1 {k}. We build a families of counterexamples to this statement: let p be a prime number and Q := F 2 p , together with the uniform measure. We have |Q| = p 2 . Let v ∈ P 1 k . Then v defines a partition Π v of the F p -vector space Q into its p distinct parallel affine lines L j,v with direction v. For each pair v = v and any j, j , we have
so that the Π v 's are independent partitions. But equality holds in (5.4) since
